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ABSTRACT

Segmentation of risk over spatial location is important in the insurance industry, particularly for
home insurance, as each region has its own innate level of risk based on features of the location
and its surroundings. It is also important that risk segmentation be spatially smoothed for business
considerations. That is, models should not predict risk levels that vary rapidly in space to avoid
unfair pricing differences for two clients in similar living conditions separated by a short distance.
In this report, we outline the approaches we took to address this problem. Notably, we applied the
methods of Geographically Weighted Regression, Poisson Kriging, and Fused Lasso, to insurance
claim counts data from Desjardins. The models were applied to aggregated data on a postal code
basis in order to predict spatial risk levels.
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1 Introduction

In the 2019 Industrial Problem Solving Workshop in Montréal, Québec, Canada, hosted by the Centre de recherches
mathématiques (CRM) and the Institute for Data Valorization (IVADO), the Desjardins Groupe d’assurances générales
presented a problem. The problem was to investigate and develop statistical methodologies capable of characterizing
the geospatial elements of the risk of household theft, while balancing both prediction accuracy and ensuring slowly
varying geographic estimators. At the time of the workshop, the company used a four step process: (i) a piecewise (over
each region) generalized linear model (GLM), (ii) supplemented by gradient boosting with Xgboost, (iii) a subsequent
smoothing via Markov Random Field, and (iv) finally making a prediction with the resulting smoothed GLM. This
methodology was somewhat convoluted, involving many steps, and lacked robustness against small changes in the
data. The challenge posed was to identify alternative methods to serve the problem specifications.

We investigated three alternatives including Geographically Weighted Regression (GWR) [5], the Kriging Method [2],
and Fused Lasso [7], each modified suitably to model Poisson random counts. Geographically Weighted Regression
is a technique that provides a local regression for a response variable at every point in space, with nearby observations
having a greater influence in the regression, similar to a locally weighted scatterplot smoothing (LOWESS) approach.
The Kriging method bears similarities to GWR but in making a prediction, empirical spatial autocorrelations in the
response variable are taken into account to develop the weightings. With Fused Lasso, a regression is obtained for
the data in conjunction with two penalty terms, the first being used for model selection (reducing parameters) and the
second for enforcing spatial smoothness of estimators.

Having described the methods, the remainder of this report is organized as follows: in Sections 2 and 3, we introduce
our data and notation conventions; in Section 4, we explain our techniques; our results are presented in Section 5 and
we provide a conclusion and discuss future work in Section 6.

2 Data

The data provided were individual records of insured individuals and their resulting number of claims of household
theft. Several hundred features were included in each record, including personal characteristics like age and geographic
features such as local crime. For privacy, no names were included and all data were provided at the postal code level.
Several record features were of a categorical nature, such as the type of roof. Close to 900,000 records were provided
for analysis.

Due to the enormity of the dataset in both records and number of variables, we chose to employ various reductions
and simplifications. These included:

e One-hot encoding [3]: transforming categorical data into a binary representation. This greatly increases the
number of variables but allows for categorical data to be treated numerically. There is otherwise not a natural
way to combine numerical values with categorical values.

o Feature Selection: 50 features were selected as being the most important and influential in the models and we
worked with only these 50 features. This was done with Xgboost [4].

e Subsampling: we worked with a dataset of approximately 47,000 records rather than 900,000.

e PCA: principal component analysis [ ] allows for high dimensional data to be represented, at least approxi-
mately, in a lower dimensional linear subspace. See Figure 1.

For simplicity in geographically weighted regression, we did not convert the latitude and longitude to distances and we
treated each degree change in latitude as equal in length to a degree change in longitude. For making actual predictions,
proper conversions would be in order.

As for the Kriging approach, the used the R package geoRglm to do the analysis, which did not allow incorporation
of a weight variable for each location, which affects the level and the validity of the predictions. This would need to
be addressed.
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Figure 1: Plot of cumulative variance explained versus the number of principal components used after the subsampling
of features was performed and one-hot encoding was applied. When PCA was used, we used the first 10 principal
components.

3 Notation

Here we present the notation used in describing the models. In general, we assume a features matrix

0c RNX(1+dc+ds)

where there are N records of clients, with d. client-specific features (age, etc.) and dy geography-specific features
(local crime rate, etc.). The extra 1 is for the intercept. Thus, the first column of © is an all ones vector, columns 2
through 1 + d. describe the client data, and columns 2 + d, through 1 + d. + d describe the spatial data. We shall
adopt the notation that a subscript of i: is the ¢th row of a given matrix. We also denote

X € RN X2
to be a matrix of IV corresponding locations (centroids of postal codes in our data). We then denote a column vector
yeRN

to be the realizations (claim counts).
Some models encoded spatial location as one of the d spatial variables. At times in this report, we will denote

Tc{1,2,..N}
to be set of records used for training and

vV c{1,2,.,N}
to be a set of records used for validation. We often required that the centroids contained in the two sets are disjoint,
ie.,

(Vier Xi)) N (Uiev Xi:) = 0. (1)

This is relevant because proper validation and parameter selection require a fair test of the models’ predictive powers

without biasing the models with samples of regions it needs to predict. However, for the Fused Lasso method, locations
are categorical data and the disjointedness condition in (1) is removed.

As the objective of the models is to be predictive, hypothetically a new client (not part of the known records) could be
assigned a record index ¢ ¢ T'U V and our models can make predictions as to their claim rate using additional data
O;. and a position X;..

We interpret Y;, the number of insurance claims made by client 4, as a Poisson random variable where Pr(Y; = y;)
can be explicitly computed from a known Poisson rate \; :
AV
Pr(Y; = yil\i) = exp(—\) yl_, - 2

We apply a GLM to describe the Poisson rate so that client 7 is modelled as having Y; ~ Pois();) where
log \; = 0.5 + €. (3)

In the GWR and Lasso methods, €; = 0, but ¢; # 0 for the Poisson Kriging method. The vector f3; is a column vector
of estimators to be found at location X;..

The means by which the Bi’s are found depend upon the method.



A PREPRINT - SEPTEMBER 28, 2019

4 Techniques

4.1 Geographically Weighted Poisson Regression
4.1.1 Method

To make a prediction for a client index i (possibly not in T'), with a known feature row-vector ©;, € R1*d+ds and
location X;., we compute

B = argminﬁ( - Z w(X;:, X;.) log Pr(Y; = yi|\; = exp(0O; ,6))) 4)
JET

which is a weighted log-likelihood of observing all of the data. In general, a w function is chosen to be a decreasing

function of the distance between its arguments. For our work, we chose the Gaussian

2
w(a,y) = esp(—1 U0 5)

where x and y are two positions. Other choices can be made. The value of « in (5) is a hyper-parameter, which we
chose by cross-validation. For GWR, we used the top 10 principal components in developing the regressions.

4.1.2 Evaluation

To perform cross-validation and assess the model fits, we considered two objective functions J(«). If V' denotes the
set of points in the validation set, i.e., all clients at a point with a Poisson rate to be estimated, we used

J(a) = L(a) = |V|§10gPr Yi = yil\i), (6)

the average negative log likelihood of observing the validation set (see (2)), and
1
J(a) = D(a) = v > (Z/z‘ log(yi/Ni) — (yi = Ni)) (7
i€V

the average deviance. It is understood that if y; = 0, the logarithm term is not included as part of the summand in (7).
The optimal «, o*, is found from
a* = argmin, J (o) (®)

In Figure 2, the results of the objective functions for different values of « are plotted.

< —loglL >
<D>

1074 102 100 104 102 10°

Figure 2: A parameter sweep over « for the objective functions (6) and (7) to estimate the best hyper-parameter .
The values plotted are the mean values over the validation set. The optimal value is o ~ 4.3 x 1072°.

4.2 Poisson Kriging

To implement Poisson Kriging, we made the assumption that the log of the Poisson rate could be decoupled into the
sum of an average rate that can be predicted from the features and a Gaussian random field. This resulted in

log /\i = f(Xz)B —+ €(Xi;) = S;. (9)
where f(X;.) is a row vector of geovariables for the i*" location plus the intercept term of 1. Above, we have that B is
an estimator to be found by maximizing the marginal likelihood and ¢ is a random field with mean p = —¢(0)/2 and

covariance function
Cx,y) = c(||lz — yl|) = o exp(—||z — y[|* /o)
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Figure 3: Empirical semivariogram plot based on all data available. The sill (¢2), range (¢) and nugget (72) parameters
can be estimated approximately from this plot around 0.37, 38000 and 0.08 respectively.

with o and ¢ as parameters. So when |¢(0)| is small, from Taylor expansion we have
E(Y:) = E[E(Yi|e(Xz))]
e@i:,@E(eﬁ(Xi;))

. 1
~ @B (eh 4 ¢ Var(e:))

A 1
— OuBee0/2 4 5¢(0)]

e OB —c(0)/2,¢(0)/2 _ 0

To estimate o and ¢, we estimated the spatial covariance of the response variables Y; by empirically estimating the
semivariogram function (the relationship between the semivariance of a response variable and the distance between
points)

~y(r) = %Var({Y(u) —Y (W) st |u—v|=r}). (10)

Equation (10) describes the variance in the difference between the response variable at all points a distance r apart.
In theory, it should vanish at » = 0 and increase as r increases, possibly saturating at some point. In practice, the
continuous values of r are replaced by buckets of finite width. This curve is related to the covariance function by
¢(r) + v(r) = ~(oc0) so that having one function allows the other to be found as well. The fit we obtained for the
semivariogram is illustrated in Figure 3. In practice, a nugget is present (nonzero y-intercept) and the semivariance is
nonzero at zero distance. This is due to possible measurement errors in the process of data collection.

With the semivariogram computed, we were able to estimate o2 and ¢ in the covariance function. Suppose

Y = (y1,v2,-.-,9yn)T is the response for training data and Y* = (y%,v3,...,y;)7 is the response for the test
data. Similarly, we defined S, S*, ¢, and €* as the vectors (sy, ..., s,)7, (57, ..., s7)%, (€1, ..., €,)T, and (61, - ;)
respectively. Here we make the prediction of y* through the prediction of S* and €*. We can predict €*, the ¢*'s at
positions X7.,...X}:, based on information from e. Then predictions can be made via MCMC simulatlon stated as
below.

Step 1: Simulate € from the distribution of £ conditioned on y

P(elY) «x P(Yle)P(e)
where
Pvle) = [T e e
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sk = Bf (Xk:) + e(X)
and € comes from the Gaussian random field with estimated parameters 62 = o2 and qg = ¢ from the

semivariogram.

Step 2: Simulate €* from the distribution of €* conditioned on ¢ (since they come from the same Gaussian random
field, the conditional distribution is also Gaussian with associated parameters 62 and ¢)

Step 3: sf = f(X})B + €*(X}.) and y} = %

Step 4: Repeat steps 1-3 m times, where m is the number of simulations. Then the final predicted response for the t
locations of interest is the average value of the m predictions.

4.3 Fused Poisson Lasso

With the Fused Poisson Lasso regression, spatial location (postal code) represents a categorical variable with d; values
that was encoded as dy binary covariates. Denote by L the set of column indices containing these covariates. We seek

a single vector of estimators /3 found from the minimization problem

B = argmin { Zlog Pr(Y; = yi|\i = exp(@iﬁ))} subject to Z |8;| < t1 and Z 1B — Bj=| < to
J

ieT JjEL
(11)

where t1, %5 > 0 are hyperparameters that require tuning and j* is the index of the “nearest” (in a sense defined below)
neighbor of the ;™ location. Note that the penalization above represents a special case of a broader penalization
framework, where for instance the differences between all coefficients of the neighbors of the j® location would be
explicitly penalized.

1
T

The ¢'-constraint with ¢; is a model selection mechanism, working to make the regression coefficients in 3 to be
sparse. The £!-constraint with ¢, works to make the (categorical) coefficients describing similar locations identical (if
it makes sense according to the optimisation problem): if a client moves from region 1 to region 2, where both regions
have similar geographic features (median income, local crime, etc.) and their two successive houses are in similar
condition, there should not be a significant change in their risk factor.

In practice, given a location indexed by j, we defined j* to be the index of the “nearest" location in terms of distance
with respect to the features. For lack of time, we used Euclidean distance in feature space.

Unlike GWR, this method explicitly assumes that regardless of spatial location (for all values of the categorical variable
location), the other covariates all have the same effect upon the response variable. Regardless of whether this is true,
it very directly satisfies the problem specifications where client-specific factors cannot have varying influence over
space.

5 Results

Here we present the results of the different techniques.

5.1 Geographically Weighted Poisson Regression Results

In Figure 4, with the optimal «, we plot the prediction of the Poisson rate A at a subset of locations. There is a degree
of smoothness in the risk present.

5.2 Poisson Kriging Results

Using Poisson Kriging as described, we can generate a prediction for the frequency of claims being made over space
as seen in Figure 5.

5.3 Fused Poisson Lasso Results

Using the Fused Lasso method, we depict in Figure 6 the spatial distribution of the risk with various values for ¢; and
to.
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Figure 4: Over a small validation set, the average predicted A for GWR was 0.00644 per year and the values ploted
are relative to this average value.
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Figure 5: Plot of risk over space using Poisson Kriging. The response variable is smooth. It is important to note that
the limitation in the R package geoRglm not able to manage weights in observations, actual frequencies are therefore
not accurate.
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6 Conclusions and Future Work

Through the workshop, we built upon and used three alternative techniques for the prediction of risk over space. All
techniques were able to provide predictions of risk over space, and each method has its own pros and cons. We identify
them below.

For Geographically Weighted Regression:

e One single model serves to describe the entire dataset and make predictions.

e The resulting spatial distribution of predicted risks appears to be smooth.
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Figure 6: Plot of risk over space using Fused Lasso. The different plots show the results for different choices of ¢; and
to (the values increase as we move to the right).

e Predictions can be made at locations where there were no previous data.

e The algorithm is flexible in that different forms of weighting functions could be used, but this also adds a
level of arbitrariness to the fitting.

e The algorithm is not fast to run. It took more than 2 hours to run a sweep of 15 aw—values in cross validation
using only 1% of the unique postal codes in the smaller dataset of 47,000 records.

For Poisson Kriging:

e The basic model is very simple and easy to interpret.
e Smoothness emerges from using the model.

o Unfortunately, the model is difficult to apply for Poisson and other distributions (such as Gamma and Tweedie
which are often used in insurance to model individual claim amounts and total losses, respectively.)

o The algorithm is very memory intensive and slow: it took more than 2 hours and 25G of ram to run on a set
of 5000 records.

For Fused Lasso:

e The method is "global", fitting everything all at once, and the results are intuitive.
e [t meets the problem specifications.

e [t cannot directly make predictions at locations where no client data are available since that would introduce
a new categorical value; however, for a new location, heuristics based in finding the most similar location
from known observed points, similar to how GWR uses nearby locations to make predictions, could be used.

e [t can be very memory intensive: to make a prediction, at least as many dummy variables as there are unique
client locations are required. However, we can fuse areas together (the j-th location with its nearest neighbor,
and then consider this as a new area with its own nearest neighbor) prior running the optimisation until the
number of covariates is reasonable.

For future work, it would be worthwhile to:

¢ modify the objective function in the GWR to perform model selection (by adding an ¢!-penalty to the mini-
mization problem (4));
e Dbetter manage observation weights in Poisson Kriging and increase the amount of data that can be analyse;

e use the Mahalanobis distance [0] to select nearest neighbours for Fused Lasso.
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